ABSTRACT This paper is concerned with the non-fragile control problem of the positive semi-Markovian jump systems with actuator saturation. For the semi-Markovian process, a class of non-exponential distributions is considered as the probability distribution of the sojourn-time. First, a family of non-fragile controllers containing gain perturbation terms for the positive semi-Markovian jump systems with actuator saturation is designed using the matrix decomposition technique. By the virtue of linear programming, all obtained conditions guaranteeing the stochastic stability of the closed-loop systems can be directly computed. Then, the presented approach is extended to the systems with interval uncertainties. Under the designed controller, the robust stochastic stabilization of the positive semi-Markovian jump systems with actuator saturation is realized. In addition, an optimization problem is presented to estimate the maximum attraction domain of the system. Finally, a numerical example is provided to verify the effectiveness of the theoretical findings.
I. INTRODUCTION
Over the past decades, positive systems as a special kind of systems have received considerable research interest. It requires that the state variables and the system outputs are always non-negative [1] , [2] . In practice, positive systems have been applied in many communities such as biomedicine, communication, system ecology, and so on. Markovian jump systems are a class of popular model method for modeling some physical systems, in which the system structures may change abruptly (random structural faults, environment disturbances, etc.) [3] - [6] . Positive Markovian jump systems are a special class of Markovian jump systems that require all subsystems are to be positive. In recent years, some meaningful results on positive Markovian jump systems have been reported. These results are concerned with stability analysis [7] , [8] , stabilization design [9] - [11] , performance analysis [12] - [14] , positive filter design [15] , fuzzy observer design [16] , and so on. It should be noted that the transition The associate editor coordinating the review of this manuscript and approving it for publication was Engang Tian. rate is chosen to be constant in the above literature regarding Markovian jump systems. In fact, the transition rate may be time-varying and will affect for the modeling capabilities of the systems. Therefore, Markovian jump systems contain restriction though they have been used for describing some practical models. Semi-Markovian jump systems are more general than Markovian jump systems since the sojourn time of the transition rate follows a non-exponential probability distribution (e.g., Weibull distribution, Laplace distribution, Gaussian distribution, etc.) [17] - [20] . Accordingly, the transition rate is time-varying rather than a constant value. Some research achievements on semi-Markovian jump systems have been published such as stability and stabilization [21] - [23] , state estimation [24] , filter design [25] , [26] , and so on.
On the other hand, the actuator saturation phenomenon exists in most practical systems. It has become one of the important factors that severely influence the system performances and even destabilize the systems [27] , [28] . Very recently, the saturation control of general systems (nonpositive) has attracted extensive research interests [29] - [34] .
In [29] , a new method for estimating the attraction domain was presented for saturated systems via a family of auxiliary feedback matrices with linear feedback. For Markovian jump linear systems, the stochastic stability of the closed-loop system was analyzed and the robust stochastic stabilization was achieved by introducing the definition of the attraction domain in mean square sense and using stochastic Lyapunov functions in [30] . The literature [31] proposed a model predictive control design framework for multi-variable systems with actuator saturation and backlash. Moreover, most of existing results consider very precise controller form. Actually, it is necessary to design the controller that can cope with a certain degree of fluctuation caused by system parameters, actuator degradation, saturation and various unexpected environmental factors. As a result, the controller design needs to consider a gain perturbation term to eliminate all possible fluctuations. Based on the above points, a called non-fragile controller is introduced to handle all possible fluctuations in the systems and its effectiveness has been verified in [35] - [38] . However, as far as we know, there are no results on the robust nonfragile control of positive semi-Markovian jump systems with actuator saturation. The main reasons lie in that: existing approaches related to semi-Markovian jump systems and non-fragile control cannot be directly developed for positive systems due to the particularity of positive systems and the research on positive systems is essentially full of unexpected difficulties and challenges. In addition, the gain perturbation term in existing non-fragile controller frameworks is always assumed to be within a specified bound. Such assumption is conservative. In order to improve the ability of the model with abrupt factors, eliminate the influence of actuator saturation on the performance of the systems, and overcome the fluctuations caused by actuator degradation and system parameters, it is necessary to investigate the non-fragile control problem of positive semi-Markovian jump systems with actuator saturation. Moreover, the existing quadratic Lyapunov function and linear matrix inequality methods are not suitable for dealing with the control problems of positive systems. Therefore, some issues about the work of this paper arise. How to propose a non-fragile controller design approach for positive semi-Markovian jump systems? How to design the gain perturbation term in non-fragile controllers? How to deal with the saturation problem of positive semi-Markovian jump system? These issues inspire us to carry out the work.
In this paper, we will focus on the robust non-fragile control problem of positive semi-Makovian jump systems with actuator saturation. First, a non-exponential probability distribution called Weibull distribution is considered as the probability distribution of the sojourn-time. Then, a non-fragile controller with gain perturbation term is proposed and the gain perturbation matrix is explicitly designed. By constructing a stochastic co-positive Lyapunov function, sufficient conditions are addressed to ensure the stochastic stability of the closed-loop systems. Moreover, we construct a cone as the attraction domain of the systems and present an optimization problem to estimate the maximum attraction domain.
The outline of this paper is organized as follows. Section 2 gives the preliminaries of the system. Main results are presented in Section 3. Section 4 provides a numerical example to verify the obtained results. Section 5 concludes the paper.
Notations: Let R be the set of real numbers, R n be the set of the vectors of n-tuples of real numbers, and R n×n be the space of n × n real matrices, respectively. Denote by ℵ and ℵ + the sets of non-negative and positive integers, respectively. A matrix M is said to be Metzler if its all offdiagonal elements are non-negative. The symbol T represents the transpose of a matrix. The matrix I represents an identity matrix. For a vector v in R n , v i is its ith element and v 0( 0) means that all components of v are non-negative. For a matrix A ∈ R n×n , a ij stands for the element in the ith row and the jth column. A 0( 0) implies that all elements of A are non-negative. Define 1 n = (1, . . . , 1 n ) T and 1
and q(v) as the maximal and minimal elements of the vector v. It is assumed that both matrices and vectors have appropriate dimensions.
II. PROBLEM STATEMENT
Consider a continuous-time semi-Markovian jump system:
where x(t) ∈ R n is the state variable and u(t) ∈ R r is the control input. The function {sat(·) : R r → R r } stands for a vector valued standard saturation function with sat(u(t)) = [sat(u 1 (t)), sat(u 2 (t)), · · · , sat(u r (t))] T , where sat(u c (t)) = sgn(u c (t)) min{1, |u c (t)|}, c = 1, 2, · · · , r. The notation u c (t) stands for the cth component of u(t). The symbol g(t) represents a semi-Markovian jump process which takes value in a finite set Z = {1, 2, . . . , Z }, Z ∈ ℵ + . The transition probabilities of the semi-Markovian process {g(t), t > 0} are given by 
For convenience, we denote the system matrices A g (t) and B g(t) as A i and B i for each i ∈ Z, respectively. Assume that A i is a Metzler matrix and B i 0 for i ∈ Z.
For the probability distribution of the sojourn-time, the Weibull distribution is employed in this paper. Therefore, the cumulative distribution function and the probability VOLUME 7, 2019 distribution function are defined as follows:
where α > 0 is a scale parameter and β > 0 is a shape parameter. Then, the transition rate function is denoted as
For the transition rate function, if we choose
The transition rate is reduced to a constant value. In this case, the semi-Markovian process degenerates into the conventional full Markovian process. Accordingly, the system (1) becomes as a Markovian jump system. It is also verified that Markovian jump systems are a special case of semi-Markovian jump systems. The Weibull distribution has also been used for the sojourn-time of transition rates in [20] , [22] , [23] . Now, we introduce some definitions and lemmas for later development.
Definition 1 ([1] , [2] ): System (1) is said to be positive if its states are non-negative for any non-negative initial conditions. Lemma 1 ([1] , [2] ): System (1) Let H ı i be the ıth row of the matrix H i ∈ R r×n . A symmetric polyhedron is defined as 
I . Lemma 3 ([29]):
Give matrices K i ∈ R r×n and H i ∈ R r×n , then sat(K i x(t)) can be represented as
for x(t) ∈ ψ(H ), where
In this paper, we will design the following controller:
where K i is the controller gain to be designed, K i = E i G i is the gain perturbation of the controller, E i ∈ R r×r represents a known non-negative constant matrix and satisfies 1 I E i 2 I for 0 < 1 < 2 , and G i ∈ R r×n is the gain perturbation matrix to be designed. Together Lemma 3 with the controller (3) and the system (1), the resulting closed-loop system is:
. (4) The aim of this paper is to design the controller gain K i , gain perturbation matrix G i , and the attraction domain gain H i to ensure the positivity and the stochastic stability of the system (4).
III. MAIN RESULTS
In this section, we first propose the non-fragile control of the system (1). Then, the presented design approach is extended to the systems with interval uncertainties. Finally, an approach to the attraction domain estimation is provided.
hold for each i ∈ Z, l = 1, 2, . . . , r, and = 1, 2, . . . , 2 r , then under the non-fragile controller
with
and the attraction domain gain
the resulting closed-loop system (4) is positive and stochastically stable. Furthermore, all states will remain inside the cone set
and the condition (5e), we have
Together with (5a) gives
By (7) and (8), it is not hard to get
is a Metzler matrix for each i ∈ Z by Lemma 2. Then, the resulting closed-loop system (4) is positive by Lemma 1.
Constructing a stochastic Lyapunov function candidate as
Assume that → 0, one can obtain the first order approximation of x(t + ) is
Using the condition probability formula yields that
By virtue of the relevant properties of cumulative distribution probability, we have
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Then, (13) can be transformed into
where
Case I: M = 0. From (5e), (7), and (8), one can obtain
Then, we can transform (15) into
Case II: M = I . By 1 I E i 2 I , (5e), (7), and (8), we have
Substituting (18a-18d) into (15) yields that
Case III: M = 0, M = I . Using 1 I E i 2 I , (5e), (5f), (7), and (8) gives
Applying (20a-20f) to (15) leads to
Moreover, λ ij (h) can be written as λ ij (h) = θ 1 λ ij + θ 2 λ ij , where θ 1 > 0, θ 2 > 0, and θ 1 + θ 2 = 1. Multiplying the first and second inequalities of (5b), (5c), and (5d) by θ 1 and θ 2 and summing them follow that
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By choosing all possible values of θ 1 and θ 2 , all values of λ ij (h) can be obtained for λ ij ≤ λ ij (h) ≤ λ ij . Thus, the following inequality can be obtained from (17), (19) , and (21):
for η = γ q 1 and q 1 = max i∈Z q(v i ). By the Dynkin's formula,
we have
Then, it holds that
As T → ∞, we obtain
Consequently, the following inequality holds:
where q 2 = min i∈Z q(v i ). By Definition 2, it is easy to get that the resulting closed-loop system (4) is stochastically stable. Suppose x(t) ∈ (v i , 1). we have x T (t)v i ≤ 1. By (5g) and (5h), it holds that
Then, (26) can be rewritten as
So, all state trajectories will remain inside the cone set
Remark 2:
In most literature [9] , [11] , [12] , [20] , [22] , [24] , a specific controller in the form of u = Kx is always used to ensure the stability of the systems. In practice, a variety of complex factors such as actuator degradation, hardware failure and environmental factors can cause the controller fluctuation to a certain extent. Thus, the designed controller may fail owing to the effect from the fluctuation. Consequently, the designed controller must possess the capability to handle such fluctuations. Theorem 1 in this paper presents a non-fragile controller structure consisting of nominal controller gain and gain perturbation terms, in which the gain perturbation terms are used to deal with fluctuations of the controller and other system parameters. If K i = 0, then the controller (3) is simplified to a general form of the controller without the non-fragile property. This means that the controllers in [9] , [11] , [12] , [20] , [22] , [24] are the special case of the controller (3).
Remark 3: In literature [35] - [38] , a kind of controller structure similar to Theorem 1 in this paper is also adopted. However, it should be noted that the gain perturbation term in [35] - [38] is known and the gain perturbation matrix is assumed to have a prescribed bound. Linear matrix inequalities are used to cope with the gain perturbation terms. In this paper, the gain perturbation term is unknown and the gain perturbation matrix is specifically designed. The gain perturbation matrix is easily computed via linear programming. This effectively improves the existing results and reduces the computational burden compared with linear matrix inequalities used in [35] - [38] .
Remark 4: In [9] , [11] , [12] , the controller gain matrix is always required to be negative. In fact, the sign of the controller gain is uindefinite due to various external environmental factors. Theorem 1 in this paper divides the controller gain matrix, gain perturbation matrix and the attraction domain gain into the sum of non-positive and nonnegative components, respectively. Thus the sign restriction of the controller gain matrix in [9] , [11] , [12] is removed and the conservatism is reduced. The presented design can be directly extended to those systems in [9] , [11] , [12] . 
with ξ
hold for each i ∈ Z, l = 1, 2, · · · , r, and = 1, 2, · · · , 2 r , then under the non-fragile controller (6) with
the resulting closed-loop system (4) with interval uncertainties is positive and stochastically stable. In addition, all states will remain inside the cone set
. Proof: First, we prove the positivity of the system (4) with interval uncertainties. Since 1 r 0, B i 0, and (28), and (29), one can get
and (27c), it is not hard to obtain K
This together with (27a) gives
which means that the matrix
is also a Metzler. Therefore, the system (4) with interval uncertainties is positive by Lemma 1.
Choose the same Lyapunov function as Theorem 1. By using a similar method to Theorem 1, we can get the infinitesimal operator along the system (4):
From (27c), (27d), and (29), we have (34) for M = 0. By (27c) and (28) , it holds that, (35) , as shown at the top of the next page, for M = I . From (27c), (27d), (28) , and (29), one can get, (36) , as shown at the top of the next page, for M = 0 and M = I . Using (34) (35) (36) , (33) can be transformed into
The rest of proof can be easily obtained by using a similar method to Theorem 1 and is omitted.
Remark 5:
In [27] - [31] , the saturation control of general systems (non-positive) is investigated. It should be pointed out that the attraction domain gain matrix is given. In this paper, Theorem 2 proposes a linear approach to design and compute the attraction domain gain. In [27] , [30] , an ellipsoid
is defined as the attraction domain of the systems and a convex optimization problem based on linear matrix inequalities is proposed to estimate the maximum attraction domain. Theorem 2 in this paper defines a cone set as the attraction domain and presents an optimization problem based on linear programming to estimate the maximum attraction domain. The optimization is formulated in the form of linear programming and is more easier than linear matrix inequalities used in [27] , [30] . Remark 6: In [9] , [11] , there exist conservatism in the rank of controller gain matrices, which is always refined to be one. In order to reduce conservatism, Theorem 2 divides each term of the controller gain, gain perturbation matrix and the attraction domain gain into a sum of matrices by employing a matrix decomposition technique. The presented approach not only removes the restriction of the rank on gain matrices but also reduces the computational burden.
Remark 7: Theorem 2 also considers interval uncertainties and achieves the robust stabilization of system (1). The same controller structure as (3) and (6) is also used. It is worth noting that Theorem 2 is not a simple extension of Theorem 1. On the one hand, Theorem 2 increases the reliability of the controller by using a non-fragile controller framework. On the other hand, Theorem 2 removes the parameter κ that is known in Theorem 1. Although κ can be chosen by a linear search algorithm, it still increases the conservatism of the results in Theorem 1. As a result, the approach proposed in Theorem 2 not only reduces the conservatism brought by the parameter κ but also increases the reliability of the controller.
Remark 8: In Theorem 2, if there is a non-fragile controller in the interval system (4) so that the closed-loop system is positive and stochastically stable, then the condition (27a-27d) is solvable via linear programming. At this point, the variables v 1 , v 2 , ς 1 , and ς 2 must exist. However, the actuator saturation problem of the systems is considered in this paper. As a result, the condition (27e) and (27f) are introduced. This increases the computational burden of the condition (27) and affects its solvability. Accordingly, the existence of v 1 , v 2 , ς 1 , and ς 2 is affected to some extent by parameter σ i . Theorem 1 and 2 have defined the cone set as the domain of attraction. Then, we will use a similar method to that in [30] to estimate the attraction domain. Given a reference set (
, where y > 0 is a constant to be determined. Our object is to get the maximum y to maximize the attraction domain. (27) ).
Remark 9: In this paper, the non-fragile control of positive semi-Markovian jump systems with actuator saturation is investigated. A controller framework containing the gain perturbation term is proposed and a cone set is established as the attraction domain for the system state. In fact, nonlinear systems, finite time control, filter design, and event-triggered control are also hot and interesting topics in the control community. Some related results have been reported [41] - [45] . In future work, we consider extending the non-fragile control framework proposed in this paper to the above topics of positive semi-Markovian jump systems such as non-fragile control of nonlinear positive semi-Markovian jump systems, finite-time non-fragile control, filter design, and the eventtriggered non-fragile control and so on.
IV. EXAMPLE
In this section, we provide a numerical example to illustrate the effectiveness of theoretical findings.
Consider the system (1) with two modes. The coefficient matrix parameters are as follows: Simulation results of the states x 1 (t ), x 1 (t ), x 1 (t ) under jumping signal r (t ).
FIGURE 2.
Simulation results of the states x 2 (t ), x 2 (t ), x 2 (t ) under jumping signal r (t ).
It is assumed that the initial states and modes are x(0) = [0.3 0.58] T and r(0) = 1, respectively. Then, the state trajectory and the lower and upper bound trajectory are shown in Fig. 1 and Fig. 2 . From the simulation results, it can be found that the state trajectories are always kept between the lower and upper bound. In addition, we choose a set of different initial states: 
V. CONCLUSIONS AND FUTURE WORK
The robust non-fragile control of positive semi-Markovian jump systems with actuator saturation has been investigated. First, a family of non-fragile controllers has been designed by means of matrix decomposition technique, where the nonfragile controller contains a gain perturbation term and the gain perturbation matrix is specifically designed. Then, sufficient conditions with less conservativeness for ensuring the stochastic stability of the closed-loop systems are addressed by using a stochastic co-positive Lyapunov function. Finally, a cone set is defined as the domain of attraction.
